We consider scalar fields which are coupled to Einstein gravity with a negative cosmological constant, and construct periodic solutions perturbatively. In particular, we study tachyonic scalar fields whose mass is at or above the Breitenlohner-Freedman bound in four, five, and seven spacetime dimensions. The critical amplitude of the leading order perturbation, for which the perturbative expansion breaks down, increases as we consider less massive fields. We present various examples including a model with a self-interacting scalar field which is derived from a consistent truncation of IIB supergravity. * Electronic address: nkim@khu.ac.kr 1 arXiv:1411.1633v3 [hep-th]
I. INTRODUCTION
In the AdS/CFT correspondence [1] , one usually relates a strongly interacting quantum field theory with a classical anti-de Sitter Einstein gravity with a negative cosmological constant with matter fields. Replacing a quantum field theory with a classical equation of motion is certainly a great simplification, but the price to pay is that one has to go to a higher dimensional spacetime. In broad terms, the dependence on the radial direction in the gravity provides the scale dependence of physical quantities. A particularly nice property of the AdS/CFT is that black holes are dual to field theory at finite temperature, so timedependent process on the gravity side can in principle describe time evolution of a thermal system. The quantitative understanding of black hole formation within AdS space is thus certainly desirable.
Recently several groups have studied numerically the formation of a black hole in AdS space with a matter field. A seminal paper along this direction is [2] (see also [3, 4] ), where the authors presented numerical solutions of the coupled nonlinear partial differential equations from Einstein-massless-scalar field system with a spherically symmetric ansatz.
The conclusion drawn from the data is that AdS spacetime is generically unstable under small perturbations of matter fields, due to nonlinearity which transfers energy to higher frequency modes. However, it was discovered soon that there exist many nonlinearly stable solutions [5] and also time-periodic solutions in AdS space [6] . The authors of [6] considered a massless scalar field in AdS 5 space and solved the field equation perturbatively and argued for the existence of periodic solutions. Calcellation of secular terms through a shift of the frequency is an essential part of the construction. For related works readers are referred to [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
The aim of this work is to extend the study of time-dependent solutions in gravity-scalar system to tachyonic fields. In most of the previous works, probably for definiteness and simplicity, the authors chose massless scalar fields. As it is well known however, in AdS space "massless" field is not exactly at the border of stability, which is usually called the Breitenlohner-Freedman (BF) bound. Stability requirement of a scalar field in AdS d+1 for instance is in fact
, where is the curvature radius. According to the AdS/CFT correspondence, tachyonic scalars above the BF bound are dual to relevant operators, while a massless scalar field is dual to a marginal operator. It is thus an obviously impending question: whether a tachyonic scalar can also lead to periodic solutions, and if the answer is yes how much quantitative and qualitative difference they have, compared to massless scalars. In the next Section we report the result of our symbolic computation. For all the tachyonic scalar fields we have considered we have checked the cancellation of secular terms and explicitly obtained periodic solutions perturbatively. As it is naturally expected, the radius of convergence for the amplitude of perturbation field becomes larger as we consider large values of (−m
2 ) values.
II. THE GRAVITY-SCALAR SYSTEM AND ITS PERTURBATIVE SOLUTIONS
Our starting point is the following action of a massive real scalar field field coupled to Einstein gravity with a cosmological constant Λ. (We note that we closely follow the convention of [2] .)
The spacetime is d + 1 dimensional, and we consider Λ < 0, i.e. the vacuum is anti-de Sitter.
We take a spherically symmetric ansatz, and more concretely the metric is written as
Here the metric component fields A, δ, as well as the matter field φ, depend only on t, x. shown to follow from the remaining equations. This is of course related to the fact that we have allowed non-trivial dependences on two coordinates t, r and their diffeomorphism freedom.
The scalar equation of motion is given as
Here we set m 2 = ∆(∆ − d)/ 2 and assume that the mass parameter is above the
is the conformal dimension of the dual operator through AdS/CFT correspondence.
The two independent equations from the variation of metric are
We can solve the equations perturbatively around the vacuum AdS solution A = 1, δ = 0 and φ = 0. At first order, we set φ = εφ (1) for a small parameter ε. If we use the usual technique of separation of variables φ (1) = f (x) cos ωt the scalar equation (3) gives a Sturm-
It is straightforward to solve this equation. The eigenfunctions and the eigenvalues are
Here P a,b j (u), j = 0, 1, 2, · · · are Jacobi polynomials. We note that the eigenfunctions are normalized as
At the next order O(ε 2 ), we can easily solve (4),(5) and obtain
We choose the convention δ(t, x = 0) = 1 − A(t, x = 0) = 0 for integration constants. More concretely, when we integrate (4)
Similarly we get
In the next order O(ε 3 ) we need to solve the scalar equation which now becomes an in-homogeneous second order differential equation.
Here the point is that on the right hand side of the above equation there appears a product of three harmonic functions like (cos ωt) 3 . Using the elementary algebra of trigonometric functions, it gives rise to secular modes whose frequency is the same as one of the original frequencies ω j = ∆ + 2j. Naively this means that the amplitude of the resonant modes increases linearly with time, but as it is well known this kind of instability is unphysical if it can be absorbed by shifting the frequency ω → ω + ε 2 ω (2) . It has been verified in [6] that, for d = 4 (AdS 5 ) and a massless scalar field, if we start with a single mode at O(ε) the secular terms are cancelled perturbatively up to fairly high orders in ε. For AdS 5 and the the lowest lying mode j = 0, the frequency as a function of the perturbative parameter ε is found as
In [6] it is reported that the coefficients were obtained up to ε 16 . Through the Padé approximation the series seems to be convergent with radius of convergence ε ≈ 0.09. 
A. Massive scalars in AdS 5
We have written a code which constructs periodic solutions perturbatively in Mathematica and have confirmed the result for the case of a massless scalar field in AdS 5 agrees with [6] . In fact we pushed the computation to O(ε 20 ): the coefficients of ε 18 , ε 20 in (13) The first choice of our own is a scalar field exactly at the BF bound (∆ = 2, or equivalently The Padé approximation gives that the upper bound for the perturbative approach to be well-behaved is ε ≈ 0.157957.
An interesting variation of this system is given by a truncation of supergravity, from the solutions of the form AdS 5 × X 5 in IIB supergravity where X 5 is a Sasaki-Einstein manifold [24] . In particular, a further truncated theory with a vector field and two real scalars with a nontrivial potential function has been used to address holographic superconductors [25] .
For our purpose we turn off the vector field as well as the axion. Then the scalar potential adjusted to our convention is written as
In the small field limit the mass of the scalar corresponds to ∆ = 3. We have confirmed that the cancellation of secular terms persist also in this supergravity-inspired model. (10, 10) gives that the radius of convergence for ε is 0.165696 and there is no huge difference from the previous example of ∆ = 3.
B. Massless and massive scalars in AdS 7
We can repeat the same analysis for d = 6 case. Again at any order of the perturbative computation the fields are expressed as a finite order polynomial of u = cos x. For a massless scalar field, in the probe limit the eigen-frequency is ω = 6. Explicit computation gives this rather miraculous cancellation of secular terms applies to all other examples discussed in [6] [18] and this paper so far. f 0 contains a resonance term, but we can cancel it through renormalization of the frequency ω → Ω = ω + ε 2 ω (2) , with
Integration of (12) is now straightforward using the technique of separation of variables. It will be interesting to compute higher order terms in Ω, but we will leave it for a future work.
III. DISCUSSION
We have so far analysed the perturbative computation of classical scalar-Einstein gravity equations by extending previous works on massless scalars to the case of tachyonic ones.
This work stands also as a technical improvement, since we have pushed the perturbative expansion to O(ε 20 ), while Ref. [6] reported results upto O(ε 16 ). Our result confirms that the periodic solutions and the associated removal of secular terms in [6] persist for massive scalars. The central quantitative result of ours is the change of frequency renormalization as a function of the mass of the scalar fields. We confirmed the natural prediction that the perturbative series should be valid for larger amplitudes as we decrease m 2 .
It will be interesting if one can generalize our analysis to non-integer values of ∆, but in that case -just like a massless scalar in AdS 4 -higher order configurations in general cannot be expressed as a finite sum over the normal modes of the probe scalar equations so it will be difficult to automatize the computation. It will be very nice if we can find the exact mass dependence of the radius of convergence for the perturbation parameter ε, for general ∆ and d. It will be also interesting to study different matter fields or modified gravity theories, for instance Gauss-Bonnet theory which through AdS/CFT correspondence corresponds to 1/N corrections on the dual field theory side.
